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Abstract
The conjectured F -theorem for three-dimensional field theories states that the finite part
of the free energy on S3 decreases along RG trajectories and is stationary at the fixed points.
In previous work various successful tests of this proposal were carried out for theories with
N = 2 supersymmetry. In this paper we perform more general tests that do not rely
on supersymmetry. We study perturbatively the RG flows produced by weakly relevant
operators and show that the free energy decreases monotonically. We also consider large N
field theories perturbed by relevant double trace operators, free massive field theories, and
some Chern-Simons gauge theories. In all cases the free energy in the IR is smaller than
in the UV, consistent with the F -theorem. We discuss other odd-dimensional Euclidean
theories on Sd and provide evidence that (−1)(d−1)/2 log |Z| decreases along RG flow; in the
particular case d = 1 this is the well-known g-theorem.
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1 Introduction
A deep problem in quantum field theory is how to define a measure of the number of degrees
of freedom that decreases along any renormalization group (RG) trajectory and is stationary
at the RG fixed points. In two-dimensional QFT, an elegant solution to this problem was
given by Zamolodchikov [1], who used the two-point functions of the stress-energy tensor to
define a “c-function” that had the desired properties. The Zamolodchikov c-function has the
additional property that at the RG fixed points it coincides with the Weyl anomaly coefficient
c. In four-dimensional conformal field theory there are two Weyl anomaly coefficients, a and
c, and Cardy has conjectured [2] that it should be the a-coefficient that decreases under RG
flow. This coefficient can be calculated from the expectation of value of the trace of the
stress-energy tensor in the Euclidean theory on S4.
Considerable evidence has been accumulating in favor of the a-theorem, especially in
supersymmetric 4-d field theories where a is determined by the U(1)R charges [3]. In par-
ticular, the principle of a-maximization [4], which states that at superconformal fixed points
the correct R-symmetry locally maximizes a, has passed many consistency checks that rely
both on the field theoretic methods and on the AdS/CFT correspondence [5–7]. For large
N superconformal gauge theories dual to type IIB string theory on AdS5 × Y5, Y5 being
a Sasaki-Einstein space, a-maximization is equivalent to the statement [8] that the Sasaki-
Einstein metric on Y5 is a volume minimizer within the set of all Sasakian metrics on this
space. This equivalence was proved in [9,10]. Very recently, a general proof of the a-theorem
was constructed in [11].
Due to the abundance of fixed points in three-dimensional QFT, as well as their relevance
to observable phase transitions, it is of obvious interest to find a 3-d analogue of the 2-d
c-theorem and of the 4-d a-theorem. Such a result would establish very general restrictions
on RG flows. An obvious difficulty, however, is that because of the absence of a conformal
anomaly in odd dimensions, the trace of the stress-energy tensor simply vanishes at the
RG fixed points and hence cannot be a measure of the number of degrees of freedom. A
physically reasonable measure could be the free energy at finite temperature T [12]. At RG
fixed points, this quantity can be extracted from the Euclidean theory on Rd−1 × S1:
FT = −Γ(d/2)ζ(d/2)
pid/2
cThermVd−1T d , (1)
where Vd−1 is the spatial volume, and cTherm is a dimensionless number normalized so that
a massless scalar field gives cTherm = 1. However, there are cases in dimensions d > 2 where
1
cTherm increases along RG flow: such a behavior occurs, for example, in the flow from the
critical d = 3 O(N) model to the Goldstone phase described by N−1 free fields [13,14].1 This
rules out the possibility of a cTherm-theorem and therefore of cTherm being a ‘good’ measure
of the number of degrees of freedom.2 Another proposal, which associates a measure of
the degrees of freedom in d = 3 with the coefficient cT of the correlation function of two
stress-energy tensors, was made in [16,17].
Quite recently, a new proposal was made for a good measure of the number of degrees of
freedom in a 3-d Euclidean CFT [18,19]:
F = − log |ZS3| , (2)
where ZS3 is the Euclidean path integral of the CFT conformally mapped to S
3. Jafferis [18]
conjectured that the 3-d analogue of a-maximization is that the R-symmetry of N = 2 su-
perconformal theories in three dimensions extremizes F . In [19] it was further conjectured
that in unitary 3-d CFT F is positive and that it decreases along any RG flow;3 various
N = 2 supersymmetric examples were presented in support of these statements. These con-
jectures were preceded by the important work [20, 21] on path integrals in supersymmetric
gauge theories on spheres, where these infinite-dimensional path integrals were reduced using
the method of localization [22] to certain finite-dimensional matrix integrals. The solution
of these matrix models in the large N limit [19, 23–27] produced perfect agreement with
the AdS4/CFT3 correspondence, explaining in particular the N
3/2 scaling of the number of
degrees of freedom expected on the gravity side of the duality [28]. By now there exists
considerable evidence that in N = 2 supersymmetric 3-d field theory the R-symmetry max-
imizes F at the fixed points and that F decreases under RG flows. These ideas have passed
some field theoretic tests [18,29–38], and various issues in defining supersymmetric theories
on S3 were clarified in [39]. Also, for large N theories with AdS4 × Y7 dual descriptions
in M-theory, F -maximization is correctly mapped to the minimization of the volume of the
Sasaki-Einstein spaces Y7 [19, 26].
Other ideas on how to best define the number of degrees of freedom in field theory, this
time in Minkowski signature, were advanced in [40]. For a field theory on Rd−1,1, it was
1We thank Subir Sachdev for telling us about this example.
2Another reason why there cannot be a cTherm-theorem is that cTherm varies along lines of fixed points,
as is well-known for example in the four-dimensional N = 4 supersymmetric Yang-Mills theory [15].
3The three-sphere free energy is ambiguous along RG flow, but is well-defined for any conformal field
theory. Thus, a precise statement of the conjecture is that, if there is smooth RG flow from CFT1 to CFT2
then their three-sphere free energies satisfy F1 > F2.
2
proposed in [40] that one can consider the entanglement entropy across an Sd−2 boundary.
It was further shown in [41] (see also [42]) that if the field theory in question is a CFT, this
entanglement entropy agrees with the free energy of the Euclidean CFT on Sd.
In this paper we will subject the F -theorem to additional tests that do not rely on
supersymmetry. Our approach is similar to Cardy’s [2] who, in the absence of a proof of
the a-theorem, presented some evidence for it in the context of a CFT on S4 perturbed by
weakly relevant operators. (His work generalizes similar calculations in d = 2 [1, 43].) In
sections 2 and 3 we use the perturbed conformal field theory on S3 to present evidence for the
F -theorem. We also discuss other odd-dimensional Euclidean theories on Sd where similar
perturbative calculations provide evidence that (−1)(d−1)/2 log |Z| decreases along RG flow.
In the particular case d = 1 these calculations were carried out in [44,45] providing evidence
for the g-theorem.4 In section 4 we review the calculations of F for theories involving free
massless boson, fermion, and vector fields. We show that these values are consistent with
the F -theorem for some RG flows. In section 5 we consider another class of examples which
involve RG flows in large N field theories perturbed by relevant double-trace operators. In
these cases, the theories flow to IR fixed points, and FIR−FUV can be calculated even when
the double-trace operator is not weakly relevant [47–49]. The results are consistent with the
F -theorem. An explicit example of this kind is the critical O(N) model. In particular, we
show that the flow from the critical O(N) model to the Goldstone phase, which was earlier
found to violate the cTherm-theorem [13,14], does not violate the F -theorem.
2 Perturbed Conformal Field Theory
In this section we discuss Euclidean conformal field theories perturbed by a slightly relevant
scalar operator of dimension ∆ = d − , where 0 <   1. Our approach follows closely
that in [1, 2, 43–45]. To keep the discussion fairly general, we will work in an arbitrary odd
dimension d throughout most of the following calculation, though the case of most interest
to us is d = 3. Our calculations generalize those carried out for d = 1 to provide evidence
for the g-theorem [44,45,50]. We take the action of the perturbed field theory to be
S = S0 + λ0
∫
ddx
√
GO(x) , (3)
4The d = 1 dynamics is often assumed to take place on the boundary of a d = 2 conformal field theory.
A proof of the g-theorem in this context was given in [46].
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where S0 is the action of the field theory at the UV fixed point, λ0 is the UV bare coupling
defined at some UV scale µ0, G is the determinant of the background metric, and O(x) the
bare operator of dimension ∆.
2.1 Beta function and the running coupling
For the purposes of finding the beta function it is sufficient to work in the flat Rd. For the
CFT on Rd, conformal invariance fixes the functional form of the connected two-point and
three-point functions [51], and we choose the normalization of O to be such that
〈O(x)O(y)〉0 = 1|x− y|2(d−)
,
〈O(x)O(y)O(z)〉0 = C|x− y|d− |y − z|d− |z − x|d− ,
(4)
for some constant C. These correlators correspond to the OPE
O(x)O(y) =
1
|x− y|2(d−)
+
CO(x)
|x− y|d− + . . . as x→ y . (5)
In the perturbed theory, the coupling runs. The beta function is [2, 52]5
β(g) = µ
dg
dµ
= −g + pi
d/2
Γ
(
d
2
)Cg2 +O(g3) , (6)
where µ is the renormalization scale, and g = λµ− is the dimensionless renormalized cou-
pling. Integrating this equation with the boundary condition g(µ0) = g0  1, where µ0 is a
UV cutoff, we obtain the running coupling
g(µ) = g0
(
µ0
µ
)
− pi
d/2
Γ
(
d
2
)Cg20
2
[(
µ0
µ
)2
−
(
µ0
µ
)]
+O(g30) . (7)
One can understand the two equations above from the following RG argument. Correlation
functions in the interacting theory differ from the ones in the free theory by an extra insertion
of
e−λ0
∫
ddxO(x) = 1− λ0
∫
ddxO(x) +
λ20
2
∫
ddx
∫
|x−y|> 1
µ0
ddy O(x)O(y) + . . . , (8)
5This equation differs from eq. (9) in [2] by the sign of the second term because our coupling g differs
from the one in [2] by a minus sign.
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where the condition |x− y| > 1
µ0
comes from imposing the UV cutoff µ0. In obtaining an
effective action at some scale µ, one simply isolates the contribution from modes between
energy scales µ0 and µ: for example, we write the last integral in (8) as∫
|x−y|> 1
µ0
ddy O(x)O(y) =
∫
|x−y|> 1
µ
ddy O(x)O(y) +
∫
1
µ0
<|x−y|< 1
µ
ddy CO(x)
|x− y|d− + . . . (9)
where in the region 1
µ0
< |x− y| < 1
µ
we only exhibited the contribution from the second
term in the OPE (5). The first term in eq. (9) should be thought of as arising from the
effective action at scale µ, while the second term should be interpreted as a renormalization
of the coupling. Combining (9) with (8), one can deduce that the effective coupling λ(µ) is:
λ(µ) = λ0 − Cλ
2
0
2
∫
1
µ0
<|x−y|< 1
µ
ddy
|x− y|d− + . . . = λ0 −
Cλ20
2
Vol(Sd−1)
[
1
µ
− 1
µ0
]
. (10)
Using Vol(Sd−1) = 2pid/2/Γ(d/2), one can further check that this expression agrees with (7)
provided g0 = λ0µ
−
0 and g(µ) = λ(µ)µ
−.
If C < 0 then both terms in the beta function (6) are positive; thus, g grows along the
flow, and the fate of the IR theory depends on the coefficients of the g3 and higher order
terms. However, if C > 0 then there exists a robust IR fixed point at
g∗ =
Γ
(
d
2
)

pid/2C
+O(2) , (11)
whose position depends on the coefficient of the g3 term only through the terms of order 2.
2.2 Free energy on Sd
From now on, let us consider the field theory on a d-dimensional sphere Sd of radius a.
Putting the field theory on Sd effectively sets the RG scale µ to be of order 1/a. For
convenience we will set µ = 1/(2a) and express our answers in terms of the renormalized
coupling g at this scale. In the following computations we will also send the UV cutoff
µ0 →∞ after appropriately subtracting any UV divergences.
The metric on Sd is most conveniently described through stereographic projection to Rd
because in these coordinates the metric is manifestly conformally flat:
ds2 =
4a2(
1 + |x|2)2
d∑
i=1
(dxi)
2 , |x|2 ≡
d∑
i=1
(xi)
2 . (12)
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In the unperturbed theory, the connected correlation functions of O on Sd can be obtained
from those in flat space given in eq. (4) by conformal transformation:
〈O(x)O(y)〉0 =
1
s(x, y)2(d−)
,
〈O(x)O(y)O(z)〉0 =
C
s(x, y)d−s(y, z)d−s(z, x)d−
,
(13)
where
s(x, y) = 2a
|x− y|(
1 + |x|2)1/2 (1 + |y|2)1/2 (14)
is the “chordal distance” between points x and y.
The path integral on S3 has UV divergences that should be subtracted away. After
this regularization, which we will perform through analytic continuation, one can essentially
remove the UV cutoff µ0 by sending it to infinity. The resulting regularized path integral
Z0(λ0) depends on the bare coupling λ0. As is standard in perturbative field theory, one can
write down the following series expansion for log |Z(λ0)| in terms of the connected correlators
of the unperturbed theory:
log
∣∣∣∣Z(λ0)Z(0)
∣∣∣∣ = ∞∑
n=1
(−λ0)n
n!
∫
ddx1
√
G · · ·
∫
ddxn
√
G〈O(x1) · · ·O(xn)〉0 . (15)
We have 〈O(x)〉0 = 0 because the unperturbed theory is a CFT. Using the definition F ≡
− logZ, we can write the first few terms in the above expression as
δF (λ0) ≡ F (λ0)− F (0) = −λ
2
0
2
I2 +
λ30
6
I3 +O(λ40) , (16)
where
I2 =
∫
ddx
√
G
∫
ddy
√
G 〈O(x)O(y)〉0 =
(2a)2pid+1/2
2d−1
Γ
(−d
2
+ 
)
Γ
(
d+1
2
)
Γ()
,
I3 =
∫
ddx
√
G
∫
ddy
√
G
∫
ddz
√
G 〈O(x)O(y)O(z)〉0 =
8pi3(d+1)/2a3
Γ(d)
Γ
(−d
2
+ 3
2
)
Γ
(
1+
2
)3 C . (17)
These integrals were evaluated through analytic continuation in  from a region where they
are absolutely convergent [2].
One can simplify equation (16) by expressing it in terms of the renormalized coupling g
6
instead of the bare coupling λ0 and performing a series expansion in . Solving eq. (10) for
λ0 (with µ0 →∞ and µ = 1/(2a)), one obtains
λ0(2a)
 = g +
Cpid/2
Γ
(
d
2
)g2 +O(g3) . (18)
Substituting this expression together with the expressions for I2 and I3 from eq. (17) into
eq. (16) gives in odd dimensions d
δF (g) = (−1) d+12 2pi
d+1
d!
[
−1
2
g2 +
1
3
pid/2
Γ
(
d
2
)Cg3 +O(g4)] , (19)
where we expanded each coefficient of gn to the first nonvanishing order in . By comparing
this formula with the beta function (6), we observe that, to the third order in g, the derivative
of the free energy is proportional to the beta function:
dF
dg
= (−1) d+12 2pi
d+1
d!
β(g) +O(g2) . (20)
The proportionality between dF/dg and β(g) to this order in perturbation theory is not
unexpected: one can show that dF (g)/dg equals the integrated one-point function of the
renormalized operator O,
dF
dg
= µ
∫
ddx
√
G〈Oren(x)〉λ . (21)
This one point function is required by conformal invariance to vanish at the RG fixed points.
To the order in g we have been working at, both the beta function and the one point function
of O are quadratic functions, so the fact that conformal invariance forces them to have the
same zeroes implies that they must be proportional. To higher orders in perturbation theory,
we expect that dF/dg will equal β(g) times a nonvanishing function of g.
One can also note that for both signs of C the beta function β(g) is negative to second
order in perturbation theory. Eq. (20) then tells us that the quantity F˜ = (−1) d+12 F is a
monotonically decreasing function of the radius of the sphere in all odd dimensions. We
interpret this behavior as a monotonic decrease in F˜ along RG flow between the UV and IR
fixed points. F˜ is stationary at conformal fixed points, supporting the F -theorem in three
dimensions and the g-theorem in one dimension.
Recall that when C > 0 there is a perturbative fixed point at the value of the coupling g∗
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given in (11). Eq. (19) tells us that the difference between the free energy at this perturbative
fixed point and that at the UV fixed point g = 0 is
δF˜ (g∗) = − (d− 2)!!
2d−1d(d− 1)!!
pi23
3C2
. (22)
The case of most interest is d = 3, where
δF (g∗)|d=3 = −
pi23
72C2
. (23)
We will be able to reproduce this expression in a specific example in section 5.1.
The arguments above relied heavily on O(x) being a scalar operator. If instead O(x) is
a pseudo-scalar, then the relation
〈O(−x1)O(−x2) . . . O(−xn)〉0 = (−1)n〈O(x1)O(x2) . . . O(xn)〉0 . (24)
implies that the integrated n-point functions of O(x) vanish if n is odd. In particular I3 = 0
in equation (17), and so the first non-linear correction to the beta function is of order g3;
it comes from integrating the four-point function of O(x) as opposed to the three-point
function as was the case for a scalar operator. Because the form of the four-point function is
not fixed by conformal invariance but rather depends on the details of the theory, it is hard
to say anything general in this case. A specific example of a slightly relevant pseudo-scalar
deformation is discussed in section 5.3, with the deformation coming from a fermionic double
trace operator.
3 Towards a more general proof of the F-theorem
Let us consider a CFT on Sd perturbed by multiple operators,
S = S0 + λ
i
0
∫
ddx
√
GOi(x) , (25)
where the bare operators Oi have dimensions ∆i = d−i with i > 0, and S0 is a conformally-
invariant action. In section 2 we studied the special case where there was only one such
perturbing operator.
In terms of the dimensionless running couplings gi, which we will denote collectively by
8
g, a simple application of the chain rule gives
dF
d log µ
= βi(g)
∂F
∂gi
, βi(g) ≡ dg
i
d log µ
, (26)
where we introduced the beta functions βi(g). Differentiating the partition function with
respect to gi, one can see that the gradients ∂F/∂gi are given by the general relation:
∂F
∂gi
= µi
∫
ddx
√
G 〈Oreni(x)〉λ
= (−1) d+12 2pi
d+1
d!
hij(g)β
j .
(27)
In the last line of this eq. (27) we have defined the matrix hij(g), which can be thought of
as a metric on the space of coupling constants. Consequently, introducing F˜ = (−1) d+12 F as
in the previous section, we have6
dF˜
d log µ
= βihijβ
j . (28)
In principle, the entries of the matrix hij(g) could be singular for certain values of the
coupling. A sufficient condition for the F -theorem to hold is that hij(g) is strictly positive
definite for all g. We will see that this is the case at least perturbatively in small g.
The perturbative construction of βi(g) and hij(g) generalizes the computation in sec-
tion 2. We can choose our operators Oi(x) so that in flat space the two and three-point
functions at the UV fixed point are
〈Oi(x)Oj(y)〉0 = δij|x− y|2∆i ,
〈Oi(x)Oj(y)Ok(z)〉0 = Cijk|x− y|∆i+∆j−∆k |y − z|∆j+∆k−∆i |z − x|∆i+∆k−∆j ,
(29)
for some structure constants Cijk. The corresponding OPE is
Oi(x)Oj(y) =
δij
|x− y|2∆i +
CkijOk(x)
|x− y|∆i+∆j−∆k + . . . as x→ y , (30)
6This equation is analogous to that derived for the c-function in two dimensional field theory [1], where
it contains a metric on the space of coupling constants well-known as the Zamolodchikov metric.
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where Ckij = δ
klClij. These correlators yield the beta functions
βi(g) = µ
dgi
dµ
= −igi + pi
d/2
Γ
(
d
2
)∑
j,k
Cijkg
jgk +O(g3) , (31)
and the free energy
δF = (−1) d+12 2pi
d+1
d!
[
−1
2
∑
i
i(g
i)2 +
pid/2
3Γ
(
d
2
)∑
i,j,k
Cijkg
igjgk +O(g4)
]
. (32)
We see that (27) is satisfied with
hij(g) = δij +O(g) , (33)
so the matrix hij(g) is positive definite to first nonvanishing order in g. Of course, as
long as the perturbative expansion converges, hij(g) will continue to be positive definite at
the very least in a small neighborhood of g = 0. A potential route towards proving the
F -theorem is to construct the metric hij(g) non-perturbatively and demonstrate that it is
positive definite. Such an approach was undertaken in [46] for one-dimensional field theories
that can be realized as boundaries of two-dimensional field theories.
4 F -coefficients for free conformal fields
4.1 Free conformal scalar field
In this section we calculate the free energy of a free scalar field conformally coupled to the
round Sd. Similar results have appeared in [53,54].
In d-dimensions the action of a free scalar field conformally coupled to Sd is given by
SS =
1
2
∫
ddx
√
G
[
(∇φ)2 + d− 2
4(d− 1)Rφ
2
]
. (34)
We take the radius of the round Sd to be a, so that the Ricci scalar is R = d(d− 1)/a2. Up
to a constant additive term,
FS = − log |ZS| = 1
2
log det
[
µ−20 OS
]
, OS ≡ −∇2 + d− 2
4(d− 1)R . (35)
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where µ0 is the UV cutoff needed to properly define the path integral. At the end of the day
FS will not depend on µ0 or a in odd dimensions. When d ≥ 2, the eigenvalues of OS are
λn =
1
a2
(
n+
d
2
)(
n− 1 + d
2
)
, n ≥ 0 , (36)
and each has multiplicity
mn =
(2n+ d− 1)(n+ d− 2)!
(d− 1)!n! . (37)
The free energy is therefore
FS =
1
2
∞∑
n=0
mn
[
−2 log(µ0a) + log
(
n+
d
2
)
+ log
(
n− 1 + d
2
)]
. (38)
This sum clearly diverges at large n, but it can be regulated using zeta-function regulariza-
tion. By explicit computation, one can see that, unlike in even dimensions, in odd dimensions
we have
∞∑
n=0
mn = 0 , (39)
so there is no logarithmic dependence on µ0a. This is in agreement with the fact that there is
no conformal anomaly in this case. The remaining contribution to this sum can be computed
from the function
−1
2
∞∑
n=0
[
mn(
n+ d
2
)s + mn(
n− 1 + d
2
)s
]
= −1
2
∞∑
n=0
mn +mn−1(
n− 1 + d
2
)s , (40)
whose derivative at s = 0 formally gives (38). One can check that mn+mn−1 is a polynomial
of degree d − 1 in n − 1 + d
2
, so the sum in (40) converges absolutely for s > d and can be
evaluated in terms of ζ(s − k, d
2
− 1), with k ranging over all even integers between 0 and
d− 1. In d = 3, for example, we have mn = (n+ 1)2 and mn +mn−1 = 2
(
n+ 1
2
)2
+ 1
2
, so
FS = −1
2
d
ds
[
2ζ
(
s− 2, 1
2
)
+
1
2
ζ
(
s,
1
2
)] ∣∣∣∣
s=0
=
1
16
(
2 log 2− 3ζ(3)
pi2
)
≈ 0.0638 . (41)
For other values of d, see table 1. These results agree with earlier work [53–55]. For all odd
d we note that the the free energy on Sd equals minus the entanglement entropy across Sd−2
11
d FS
3 1
24
(
2 log 2− 3ζ(3)
pi2
)
≈ 0.0638
5 −1
28
(
2 log 2 + 2ζ(3)
pi2
− 15ζ(5)
pi4
)
≈ −5.74× 10−3
7 1
212
(
4 log 2 + 82ζ(3)
15pi2
− 10ζ(5)
pi4
− 63ζ(7)
pi6
)
≈ 7.97× 10−4
9 −1
216
(
10 log 2 + 1588ζ(3)
105pi2
− 2ζ(5)
pi4
− 126ζ(7)
pi6
− 255ζ(9)
pi8
)
≈ −1.31× 10−4
11 1
220
(
28 log 2 + 7794ζ(3)
175pi2
+ 1940ζ(5)
63pi4
− 1218ζ(7)
5pi6
− 850ζ(9)
pi8
− 1023ζ(11)
pi10
)
≈ 2.37× 10−5
Table 1: The F -coefficient for a free conformal scalar field on Sd.
calculated in [42].
4.2 Free massless fermion field
In this section we calculate the free energy of a free massless complex Dirac fermion on the
round Sd. We begin with the free fermion action
SD =
∫
ddx
√
Gψ†(i /D)ψ . (42)
Unlike in the case of the free conformal scalar action, the conformal fermion action does not
contain a coupling between the fermion fields and curvature. The free energy is given by
FD = − log |ZD| = − log det
[
µ−10 OD
]
, OD ≡ i /D . (43)
The eigenvalues of OD are
±1
a
(
n+
d
2
)
, n ≥ 0 , (44)
each with multiplicity
mˆn = dim γ
(
n+ d− 1
n
)
. (45)
Here, dim γ is the dimension of the gamma matrices in d dimensions. For odd d, dim γ = 2
d−1
2
in the fundamental representation.
12
d FD/ dim γ
3 1
24
(
2 log 2 + 3ζ(3)
pi2
)
≈ 0.110
5 −1
28
(
6 log 2 + 10ζ(3)
pi2
+ 15ζ(5)
pi4
)
≈ −2.16× 10−2
7 1
212
(
20 log 2 + 518ζ(3)
15pi2
+ 70ζ(5)
pi4
+ 63ζ(7)
pi6
)
≈ 4.61× 10−3
9 −1
216
(
70 log 2 + 12916ζ(3)
105pi2
+ 282ζ(5)
pi4
+ 378ζ(7)
pi6
+ 255ζ(9)
pi8
)
≈ −1.02× 10−3
11 1
220
(
252 log 2 + 234938ζ(3)
525pi2
+ 69124ζ(5)
63pi4
+ 8778ζ(7)
5pi6
+ 1870ζ(9)
pi8
+ 1023ζ(11)
pi10
)
≈ 2.32× 10−4
Table 2: The F -coefficient for a free massless Dirac fermion field on Sd. Here, dim γ is the
dimension of the gamma matrices on Sd and is equal to 2
d−1
2 in odd dimensions d.
One can then write (43) as
FD = −2
∞∑
n=0
mˆn
[
− log(µ0a) + log
(
n+
d
2
)]
, (46)
and again one can check that
∑∞
n=0 mˆn = 0 in odd dimensions using zeta-function regular-
ization, so there is no logarithmic dependence on µ0a. To compute FD, one can write it
formally as the derivative at s = 0 of the function
2
∞∑
n=0
mˆn(
n+ d
2
)s . (47)
One can check that mˆn is a polynomial of degree d−1 in n+ d2 , so the sum in (47) converges
absolutely for s > d and can be expressed in terms of ζ(s − k, d
2
), with k ranging over the
even integers between 0 and d− 1.
For d = 3, mˆn = (n+ 2)(n+ 1), and the F -coefficient of a massless Dirac fermion is
FD = 2ζ
′(−2, 3/2)− 1
2
ζ ′(0, 3/2) =
log 2
4
+
3ζ(3)
8pi2
≈ 0.219 . (48)
This result agrees with earlier work [55]. 7 For other values of d, see table 2. The F -coefficient
of a Majorana fermion is one half the result in table 2.
7We note that FD/FS is not a rational number and is quite large, ≈ 3.43. For comparison, we note that
the contribution of a d = 3 massless Dirac fermion to the thermal free energy is 3/2 times that of a massless
real scalar. In d = 4 the a-coefficient of a massless Dirac fermion is 11 times that of a conformal scalar,
while its contribution to the thermal free energy is 7/2 times that of a massless scalar. Only in d = 2 does
the c-coefficient of a massless Dirac fermion equal that of a massless scalar.
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4.3 Chern-Simons Theory
In three dimensions U(N) Yang-Mills theory does not have a UV fixed point. Instead, we
will consider U(N) Chern-Simons gauge theory with level k. The F -coefficient for N = 1 is
1
2
log k, while for N > 1 it was found to be [56]
FCS(k,N) =
N
2
log(k +N)−
N−1∑
j=1
(N − j) log
(
2 sin
pij
k +N
)
. (49)
In the weak coupling limit k  N , and for sufficiently large N , this expression may be
approximated by 1
2
N2
(
log k
2piN
+ 3
2
)
. Thus, somewhat surprisingly, the CS theory has a
large F -coefficient, even though it has no propagating degrees of freedom.
In four dimensions, one of the first tests of the a-theorem was provided by the SU(N)
gauge theory coupled to Nf massless Dirac fermions in the fundamental representation [2].
This theory is asymptotically free for Nf < 11N/2. If this is the case, then in the UV the
a-coefficient receives contributions from the N2c −1 gauge bosons and the NfN free fermions.
In the IR, it is believed that chiral symmetry breaking produces N2f − 1 Goldstone bosons,
which are the only degrees of freedom that contribute to aIR. The asymptotic freedom
condition Nf < 11N/2 imposes an upper bound on the IR value of a that is restrictive
enough to not violate the a-theorem [2].
In three dimensions we cannot construct similar tests involving U(N) Yang-Mills theory
coupled to fundamental fermions because the UV theory is not conformal. Instead we con-
sider Chern-Simons gauge theories. As a first example take the U(1) Chern-Simons gauge
theory coupled to Nf massless Dirac fermions of charge 1. For k  1 this theory is weakly
coupled, so the F -coefficient is
FUV ≈ 1
2
log k +Nf
(
log 2
4
+
3ζ(3)
8pi2
)
+O(Nf/k) . (50)
Now, let us add a mass for the fermion. The IR fixed point is then described by the
U(1) Chern-Simons gauge theory with CS level k ± Nf/2 generated through the parity
anomaly [57, 58], where the sign is determined by the sign of the fermion mass. Therefore,
the IR free energy is 1
2
log(k ±Nf/2). It is not hard to check that this is smaller than (50).
Now we consider U(N)k Chern-Simons gauge theory, N > 1, coupled to Nf massless
fundamental Dirac fermions. For k  N this is a weakly coupled conformal field theory
14
whose F -coefficient is
FUV ≈ 1
2
N2
(
log
k
2piN
+
3
2
)
+NNf
(
log 2
4
+
3ζ(3)
8pi2
)
+O(NfN
2/k) . (51)
Now, let us add a U(Nf ) symmetric mass for the fermions. The IR fixed point is then
described by the U(N) Chern-Simons gauge theory with CS level k ± Nf/2. Therefore,
FIR = FCS(k ±Nf/2, N). It is not hard to check that FUV > FIR for any Nf if k  N . The
comparison is the simplest if, in addition, we assume k  Nf . Then
FIR ≈ 1
2
N2
(
log
k
2piN
+
3
2
)
± NfN
2
4k
+ . . . , (52)
making it obvious that FUV > FIR.
5 Double trace deformations
In this section we study the change in free energy under a relevant double trace deformation
in a d-dimensional large N field theory, starting from a UV fixed point and flowing to an IR
fixed point. Some of this section is a review of the earlier work [47–49].
5.1 Bosonic double trace deformation
Consider a bosonic single trace operator Φ within the UV conformal field theory. Let the
dimension of this operator, ∆, lie inside the range (d/2 − 1, d/2). The lower limit on the
dimension is the unitarity bound. We impose the upper limit on the dimension because we
will be adding the operator Φ2 to the lagrangian and we want this to be a relevant operator.
There are general arguments [47, 59] that this deformation will cause an RG flow to an IR
fixed point where Φ has dimension d−∆.
We begin with the partition function
Z =
∫
Dφ exp
(
−S0 − λ0
2
∫
ddx
√
GΦ2
)
= Z0
〈
exp
(
−λ0
2
∫
ddx
√
GΦ2
)〉
0
, (53)
where, as in section 2, λ0 is the bare coupling defined at the UV scale µ0, Φ is the bare
operator, and expectation values 〈· · · 〉0 are taken with respect to the conformal action S0.
The measure Dφ is schematic for integration over all degrees of freedom in the theory. We
are interested in calculating the difference δF∆ between the free energies of the IR and UV
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fixed points,
δF∆ = − log
∣∣∣∣ ZZ0
∣∣∣∣ . (54)
We explicitly write δF∆ as a function of the UV scaling dimension ∆ to emphasize the
dependence of the IR free energy on the UV scaling dimension of the single trace operator
Φ.
As in [47] we proceed through a Hubbard-Stratonovich transformation. That is, we
introduce an auxiliary field σ so that
Z
Z0
=
1∫
Dσ exp( 1
2λ0
∫
ddx
√
Gσ2)
∫
Dσ
〈
exp
[∫
ddx
√
G
(
1
2λ0
σ2 + σΦ
)]〉
0
. (55)
In this context, large N implies that the higher point functions of Φ are suppressed relative
to the two-point function by factors of 1/N , where we take N large. This allows us to write
〈
exp
(∫
ddx
√
Gσ(x)Φ(x)
)〉
0
= exp
[
1
2
〈(∫
ddx
√
Gσ(x)Φ(x)
)2〉
0
+ o(1/N0)
]
. (56)
The integral in equation (55) is then simply a gaussian integral, which integrates to give
δF∆ =
1
2
tr log(K) , (57)
where
K(x, y) =
1√
G(x)
δ(x− y) + λ0ad 〈Φ(x)Φ(y)〉0 . (58)
We choose to normalize the operator Φ so that the perturbing operator Φ2 has the same
normalization as the operator O in section 2. Specifically we take the two-point function of
Φ on the round Sd to be given by
〈Φ(x)Φ(y)〉0 = 1√
2
1
s(x, y)2∆
. (59)
We then proceed by expanding the right hand side of equation (59) in Sd spherical harmonics
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using
1
s(x, y)2∆
=
1
a2∆
∑
n,m
gnY
∗
nm(x)Ynm(y) , (60)
where we normalize the Ynm(x) to be orthonormal with respect to the standard inner product
on the unit Sd. The gn coefficients in equation (60) can be found in [47], where they are
shown to be
gn = pi
d/22d−∆
Γ(d
2
−∆)
Γ(∆)
Γ(n+ ∆)
Γ(d+ n−∆) , n ≥ 0 . (61)
The expression for δF∆ (57) was evaluated using dimensional regularization in [48] . Here
we briefly review their argument. The eigenvalues of the operator K only depend on the
angular momentum n through the gn coefficients of equation (61). States on the sphere S
d
with angular momentum n have the degeneracy mn given in equation (37). One can therefore
write the change in free energy as
δF∆ =
1
2
∞∑
n=0
mn log
[
1 + λ0a
d−2∆gn
]
. (62)
Because d− 2∆ > 0, in the IR limit ad−2∆ goes to infinity. Continuing to dimension d < 0,
the sum in equation (62) converges and δF∆ becomes
δF∆ =
1
2
∞∑
n=0
mn log
(
Γ(n+ ∆)
Γ(d+ n−∆)
)
, (63)
where in simplifying equation (62) one uses
∑
nmn = 0 as in eq. (39).
The sum in equation (63) is evaluated exactly in [48]. In odd dimensions they find
d (δF∆)
d∆
=
(−1)(d+1)/2pi2(d− 2∆)
2Γ(1 + d)
sec
[
pi
(
∆− d
2
)]
tan
[
pi
(
∆− d
2
)]
Γ(1−∆)Γ(1− d+ ∆) . (64)
The result agrees exactly with the dual calculation in AdSd+1 [48]. In the case of most
interest, where d = 3, it reduces to the following simple expression:
d (δF∆)
d∆
= −pi
6
(∆− 1)(∆− 3
2
)(∆− 2) cot(pi∆) . (65)
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As a last step, we integrate eq. (65) with respect to ∆ to get the final expression for δF∆,
δF∆ = −pi
6
∫ 3/2
∆
dx(x− 1)(x− 3
2
)(x− 2) cot(pix) . (66)
The upper limit of integration in eq. (66) is chosen to be 3/2 because we know that δF∆=3/2 =
0, as can be seen directly in eq. (63), where each term in the sum vanishes when ∆ = d/2.
The reason why δF∆=3/2 = 0 is that when ∆ = d/2 the operator Φ
2 is marginal.
In figure 1 we plot δF∆ over the complete range of ∆ when d = 3. There are two cases of
0.2 0.4 0.6 0.8 1.0 1.2 1.4
D
-0.06
-0.05
-0.04
-0.03
-0.02
-0.01
∆FD
Figure 1: The change in free energy δF∆ = FIR − FUV when the UV theory is perturbed by
a relevant double trace operator O2, where O has dimension ∆.
special interest. The first is when ∆ = 1, which corresponds to the O(N) models we discuss
in section 5.2. The numerical value for the difference in the free energy between the IR and
UV fixed points in this case is
δF∆=1 = −ζ(3)
8pi2
≈ −0.0152 . (67)
The second case of interest is when ∆ = 1/2, so that the operator Φ2 corresponds to adding
a mass term for the free scalar field Φ. In this case δF evaluates to
δF∆=1/2 = − 1
16
(
2 log 2− 3ζ(3)
pi2
)
≈ −0.0638 . (68)
The change in free energy in equation (68) is simply minus the free energy of a massive real
scalar field in equation (41). This makes sense since in this case we simply integrated out
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the real free scalar field Φ. This result can be thought of as a check of our procedure.
There is one further consistency check we can easily perform. If we take ∆ = (3− )/2,
then the IR fixed point is the perturbative fixed point of section 2. The coefficient of the
three point function C is easily calculated to be C = 4/
√
2 in this case. Equation (23)
predicts that the difference in free energy between the IR and UV fixed points is
δF∆=(3−)/2 = −pi
23
576
+ o(3) . (69)
Indeed, expanding the integral in equation (66) for ∆ = (3 − )/2 with  small reproduces
exactly equation (69). This provides another consistency check between the double trace
calculation and the perturbative calculation.
5.2 RG flows in O(N) vector models
In this section we discuss RG flows in the O(N) vector models and compare the free en-
ergies of the various fixed points. We begin with the classical O(N) model action in flat
3-dimensional Euclidean space,
S[~Φ] =
1
2
∫
d3x
[
∂~Φ · ∂~Φ +m20~Φ2 +
λ0
2N
(
~Φ · ~Φ
)2]
, (70)
where ~Φ is an N -component vector of real scalar fields. The F -coefficient of the UV
fixed point of this theory is of course just that of N massless free scalar fields: F bosUV =
N
16
(
2 log 2− 3 ζ(3)
pi2
)
. If we take m2 > 0, then all N scalar fields become massive in the IR
and we end up with the trivial empty theory whose F -coefficient vanishes. The critical model
comes from maintaining the vanishing renormalized mass. This theory has a non-trivial IR
fixed point. The difference between the IR and UV F -coefficients is given in equation (67).
Therefore for large N the F -coefficient of the IR fixed point in the critical O(N) model is
F boscrit =
N
16
(
2 log 2− 3ζ(3)
pi2
)
− ζ(3)
8pi2
+O(1/N). (71)
The free and critical O(N) vector models have been conjectured [60] to be dual to the min-
imal Vasiliev higher-spin gauge theory in AdS4 [61–63], with different boundary conditions.
Recently, this conjecture has been subjected to some non-trivial tests [64–66], and new ideas
have appeared on how to prove it [67, 68]. It would be very interesting to match our field
theory results for F bosUV and F
bos
crit using the higher spin theory in Euclidean AdS4.
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Now consider perturbing the critical O(N) model by the scalar mass term with m20 < 0.
As the theory flows to the IR the potential breaks the symmetry from O(N) to O(N − 1),
and so by Goldstone’s theorem we pick up N − 1 flat directions in field space. In the far IR
these Goldstone modes simply become N − 1 free massless scalar fields, with F -coefficient
FGoldstone =
N − 1
16
(
2 log 2− 3ζ(3)
pi2
)
. (72)
Thus,
FGoldstone − F boscrit = −
1
16
(
2 log 2− 5ζ(3)
pi2
)
≈ −0.0486 (73)
in agreement with the conjectured F -theorem.
This conclusion should be contrasted with the evolution of the thermal free energy coeffi-
cient cTherm. In the critical O(N) model cTherm = 4N/5+O(1) [13,14], while in the Goldstone
phase cTherm = N − 1. Thus, for large enough N the flow from the critical O(N) model to
the Goldstone phase rules out the possibility of a cTherm theorem. On the other hand, the
coefficient of the stress-energy tensor 2-point function cT decreases when the O(N) model
flows from the critical to the Goldstone phase [16]. Thus, such a flow does not rule out the
possibility of a cT theorem.
Another interesting O(N) model to consider is the d = 3 Gross-Neveu model with N
massless Majorana fermions ψi and the interaction term (ψ¯iψi)2. This model has an inter-
acting UV fixed point where the pseudoscalar operator ψ¯iψi has dimension 1+O(1/N). The
IR fixed point is described simply by N free fermions. Thus, we find that
F fermUV =
N
16
(
2 log 2 + 3
ζ(3)
pi2
)
+
ζ(3)
8pi2
+O(1/N) ,
F fermIR =
N
16
(
2 log 2 + 3
ζ(3)
pi2
)
.
(74)
The higher-spin duals of these theories in AdS4 were conjectured in [69, 70], and recently
these conjectures were subjected to non-trivial tests [64,65]. It would be interesting to derive
the results (74) using the higher-spin gauge theory in Euclidean AdS4.
5.3 Fermionic double trace deformation
In this section we study the change in free energy under a fermionic double trace deformation
in a large N field theory on Sd. The calculation proceeds analogously to that in section 5.1,
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where we deformed the UV fixed point by a bosonic double trace deformation. The difference
is that we replace the bosonic operator Φ(x) by a fermionic, single-trace operator χ(x). In
this section we will assume that χ is a complex Grassmann-valued spinor field. In order to
obtain the difference in free energy between the IR and UV fixed points when χ is Majorana,
all one has to do is divide the final result by two.
Let the dimension of the operator χ be ∆, with ∆ inside the range [(d− 1)/2, d/2]. The
lower limit on the dimension is the unitarity bound on spinor operators. The upper limit
on the dimension comes from requiring the operator χ¯χ to be relevant. Just as in the case
of the bosonic double trace deformation, one can argue that the double-trace deformation
will induce an RG flow that takes the theory to an IR fixed point where χ has dimension
d−∆ [49].
We want to compute the F -coefficient of the IR fixed point, so we need to calculate the
free energy of the theory on the round Sd. The partition function on Sd is given by
Z = Z0
〈
exp
(
−λ0
∫
ddx
√
Gχ¯χ
)〉
0
, (75)
where λ0 is the coupling of dimension d − 2∆. The calculation of the expectation value
in equation (75) was presented in [49], and here we summarize their derivation. First, we
introduce a complex auxiliary spinor field η and write
Z
Z0
=
1∫
DηDη¯ exp(
∫
ddx
√
Gη¯η)
∫
DηDη¯
〈
exp
[∫
ddx
√
G
(
η¯η +
√
λ0(η¯χ+ χ¯η)
)]〉
0
.
(76)
Just as in the bosonic case, the assumption of large N comes into play by taking the expec-
tation value inside of the exponential, giving〈
exp
[∫
ddx
√
G
√
λ0(η¯χ+ χ¯η)
]〉
0
= exp
[
λ0
∫
ddx
√
G
∫
ddy
√
Gη¯(x) 〈χ(x)χ¯(y)〉0 η(y) + o(1/N0)
]
.
(77)
We assume that n-point functions, with n > 2, are suppressed by inverse power of N . The
integral in equation (76) is then Gaussian. Exponentiating the result to give the change in
free energy δF∆ we find
δF∆ = − tr log(Kˆ) , (78)
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where
Kˆ(x, y) =
1√
G(x)
δ(x− y) + λ0ad 〈χ(x)χ¯(y)〉0 . (79)
In flat space we choose the fermion two-point function to have the normalization
Gˆ(x, y) = 〈χ(x)χ¯(y)〉0 =
γ · (x− y)
|x− y|2∆+1 . (80)
We need to find the eigenvalues and degeneracies of the operator Gˆ on the sphere. This
problem is solved in [49] and here we simply quote the result.8 The eigenvalues
gˆn ∝ ±i Γ(n+ ∆ + 1/2)
Γ(n+ d−∆ + 1/2) , n ≥ 0 (81)
come in conjugate pairs and are indexed by the integer n that runs from zero to infinity.
In equation (81) we leave off any n independent proportionality factors, because as we will
see below these factors do not contribute to the free energy in the IR limit. At each level n
there is a degeneracy mˆn given in equation (45).
Analytically continuing to the region of the complex plane where Re(d) < 1, the trace in
equation (78) converges and in the IR limit we can write
δF∆ = −2
∞∑
n=0
mˆn log
Γ(n+ ∆ + 1/2)
Γ(n+ d−∆ + 1/2) . (82)
The sum in equation (82) is easily evaluated using the methods in [48]. After a simple
calculation one finds the result (specifying to three-dimensions)
δF∆ = −2pi
3
∫ 3/2
∆
dx
(
x− 1
2
)(
x− 3
2
)(
x− 5
2
)
tan(pix) , ∆ ∈
(
1,
3
2
)
. (83)
In figure 2 we plot the change in free energy δF over this range of ∆.
Just as in the bosonic case, we can check this procedure by evaluating δF when χ has
the dimensionality ∆ = 1 of a free spinor field. The integral in equation (83) evaluates to
δF∆=1 = −1
8
(
2 log 2 + 3
ζ(3)
pi2
)
≈ −.219 . (84)
8See section 5.3 of that paper.
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Figure 2: The change in free energy δF∆ = FIR − FUV when the UV theory is perturbed by
a relevant double trace operator χ¯χ, where χ is a fermionic operator of dimension ∆.
Comparing to equation (48), we see that this is the F -coefficient of a massless complex spinor
field. Intuitively this makes sense, because in this case all we have done is to integrate out
a massive free complex spinor.
We note that, as in section 5.1, δF vanishes for ∆ = 3/2 where the double-trace operator
is marginal. One might be tempted to expand equation (83) for ∆ near 3/2 and attempt
to compare with the perturbative result in equation (23). One would quickly find that this
does not work. Indeed, letting ∆ = (3− )/2 we see that
δF∆=(3−)/2 = − 
3
+O(3) . (85)
The leading change in the free energy is order  while in the perturbative calculation of
section 2 the change in free energy is order 3.
The resolution is that the perturbing operator O = χ¯χ is a pseudo-scalar, as can be seen,
for example, from the fact that the correlation functions of an odd number of O(xi) change
sign under xi → −xi. From eq. (80), one can compute explicitly the connected correlation
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functions in flat space:
〈O(x)O(y)〉 = dim(γ)|x− y|4∆ ,
〈O(x)O(y)O(z)〉0 = 2i dim(γ)ijk(x− y)i(y − z)j(z − x)k
(|x− y||y − z||z − x|)2∆+1 ,
〈O(x)O(y)O(z)O(w)〉0 = − dim(γ)
(
2XxzywXxwyz + 2XxyzwXxzyw + 2XxyzwXxwyz
+XxyyzXxwzw +XxyxwXyzzw
)
,
(86)
where we have defined
Xabcd ≡ (a− b) · (c− d)|a− b|2∆+1 |c− d|2∆+1 . (87)
That the n-point functions change sign under reflection implies that only odd powers of the
coupling appear in the beta function, and also that only even powers of the coupling appear
in an expansion of the free energy as in eq. (16). We believe that all coefficients in the
expansions of the beta function and δF as power series in the coupling constant are O(),
as can be checked explicitly for the case of the four-point function in (86). It follows that
the IR fixed point does not occur when the coupling g is small. One would therefore need
to calculate all the terms in eq. (16) in order to find the change in the F -coefficient along
the RG flow.
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A Comments on Massive Free Fields
At conformal fixed points we can map a d-dimensional theory in flat, odd-dimensional space
to the Euclidean Sd and compute the unique F -coefficient. However, away from conformal
fixed points the mapping is ambiguous. In this Appendix we search for a function that
interpolates between conformal fixed points by looking at the example of massive free fields
in three dimensions.
A.1 Free massive scalar field
We consider the action
SS =
1
2
∫
d3x
√
G
[
(∇φ)2 + 1
8
Rφ2 +m2φ2
]
(88)
on S3. This leads to the following infinite sum for the free energy
FS =
1
2
∞∑
n=1
n2 log
[
n2 − 1
4
+ (am)2
]
, (89)
which clearly diverges as n→∞. The dimensionless parameter (am) flows from zero at the
UV conformal fixed point to infinity in the IR. For notational convenience we set a = 1, so
that the RG scale is simply given by the mass m. We calculate
∂FS
∂(m2)
=
1
2
∞∑
n=1
n2
n2 +m2 − 1
4
=
1
2
( ∞∑
n=1
1−
∞∑
n=1
m2 − 1
4
n2 +m2 − 1
4
)
. (90)
Using zeta-function regularization,
∑∞
n=1 1 = ζ(0) = −1/2. The resulting sum is convergent
and gives
∂FS
∂(m2)
= −1
4
pi
√
m2 − 1
4
coth
[
pi
√
m2 − 1
4
]
. (91)
While the function in equation (91) is manifestly negative and vanishes when m = 0, it
asymptotes to a linear function of m as m → ∞. Thus, with this regularization we do not
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find the desired result ∫ ∞
0
dm2
∂FS
∂m2
= − 1
16
(
2 log 2− 3ζ(3)
pi2
)
. (92)
The problem seems to be that we have generated a finite cosmological constant of order
m3 and a finite coefficient of the
√
GR term of order m along the flow. We will therefore
modify the free energy by
δFS = f [(am)] , (93)
where f [(am)] is some function which must vanish at am = 0 and cancels the undesirable
terms at large am. Again we take a = 1 so that the change in the expression for the free
energy is simply δFS = f(m).
We can calculate the necessary form of f(m) at the IR fixed point. Suppose the IR fixed
point were at m = Λ, where Λ is assumed to be large. We require ∂FS(m = Λ)/∂m
2 = 0,
which implies that
∂f
∂m2
∣∣∣∣
m=Λ
=
pi
4
√
Λ2 − 1
4
coth
[
pi
√
Λ2 − 1
4
]
=
piΛ
4
− pi
32Λ
+O(1/Λ3) ,
(94)
in the limit of large Λ. We then infer that in the IR the function f(m) takes the form
f(m) =
pim3
6
− pim
16
+O(1/m) . (95)
Two examples of functions which obey (95) as well as f(0) = 0 are
f1(m) =
pim3
6
− pim
16
, f2(m) =
pi
6
(
m2 − 1
4
) 3
2
θ
(
m2 − 1
4
)
. (96)
One finds that with the function f1(m) the free energy is not monotonically decreasing
and that ∂FS/∂m
2 diverges at m = 0. The function f2(m) has the advantage that with it
the free energy is a monotonically decreasing function of m. It is not an analytic function of
the mass, though. Interestingly, one finds by an explicit calculation that with either f1(m)
or f2(m) we find the desired result (92).
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A.2 Free massive fermion field
In this section we perform an analogous computation to that in section A.1 but for a massive
complex fermion field. Naively the massive fermion action on S3 is given by
SD =
∫
d3x
√
G
[
ψ†(i /D)ψ − imψ†ψ] . (97)
By a now familiar computation we can write the free energy as
FD = −
∞∑
n=1
n(n+ 1) log
[(
n+
1
2
)2
+m2
]
. (98)
Taking a derivative of equation (98) with respect to m2 and performing zeta-function regu-
larization we arrive at
∂FD
∂(m2)
=
4m2 + 1
8m
pi tanh(pim) . (99)
Like in the case of the massive scalar field, we see that at large m the right hand side of
equation (99) asymptotes to a linear function of m, which signals a cosmological constant of
order m3. We again add a function δFD = f(m) to the free energy so that it has the correct
asymptotic form as m→∞. Explicitly we take
f(m) = −pi |m|
3
(
m2 +
3
4
)
. (100)
With this correction the function FD(m) is monotonically decreasing between the UV and
IR fixed points and by an explicit computation one can check∫ ∞
0
dm2
∂FD
∂m2
= − log 2
4
− 3ζ(3)
8pi2
, (101)
which is the desired result.
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